The Classical Jacobian Conjecture claims that any unramified endomorphism of a complex affine space is an automorphism, which means in more ordinary terms that for any integer n > 0, any polynomial map from C n to itself with an invertible jacobian function is itself invertible and its inverse is again a polynomial map (see for instance [7] and [1] or [3] for the 'right" version of this conjecture in any characteristic). From this last point of view, this conjecture may be considered as a global version for polynomial maps of the classical Local Inversion Theorem, which explains largely the fascination that this conjecture exerts on generations of searchers for more than half a century.
Introduction
The Classical Jacobian Conjecture claims that any unramified endomorphism of a complex affine space is an automorphism, which means in more ordinary terms that for any integer n > 0, any polynomial map from C n to itself with an invertible jacobian function is itself invertible and its inverse is again a polynomial map (see for instance [7] and [1] or [3] for the 'right" version of this conjecture in any characteristic). From this last point of view, this conjecture may be considered as a global version for polynomial maps of the classical Local Inversion Theorem, which explains largely the fascination that this conjecture exerts on generations of searchers for more than half a century.
In order to embed this conjecture in a geometric environment, where one could enjoy the beauty and the richness of tools of algebraic geometry and algebraic D-modules, as his paper [6] proves it, Hyman Bass proposed 25 years ago in [6] , page 80 the following statement as the Generalized Jacobian Conjecture: Any unramified morphism from a complex irreducible affine and unirational variety whose invertible regular functions are all constant to a complex affine space of the same dimension is an isomorphism.
On the other hand, without any explicit connection with Bass conjecture, Victor Kulikov published in 1993 (see [18] ) a non trivial construction of a complex irreducible rational and simply connected surface and an unramified morphism of geometric degree 3 (and hence which is not an isomorphism) from this surface to the complex affine space, without specifying if this surface is affine or not, or if its invertible regular functions are all constant or not.
The main aim of this paper is to bring this precision and thanks to this to expose the complete solution to Bass Generalized Jacobian Conjecture which turned to be true only in dimension one (see Theorem 1 below).
In order to make this precision as clear as possible, we introduce a family of irreducible affine and rational surfaces S(C 1 , C 2 , P ) over any algebraically closed field K, where C 1 and C 2 are irreducible curves of the projective plane over K and P a point of one of them. We also give a necessary and sufficient condition of factoriality for each surface of this family (see theorem 2 below) which is defined in such a way that it contains Kulikov surface and Ramanujam one (see the next section).
In the same aim, we give the proof of a general fact known by some algebraic geometers like V. Srinivas who told me about it, but which seems to be written nowhere in its whole generality in the abundant literature about algebraic geometry.This fact is a sufficient condition on the ground field of an irreducible simply connected and normal algebraic variety or on its Picard group in order that all its invertible regular functions are constant (see theorem 3 below).
Let us notice that according to the statement of the maim Theorem 1 below, Kulikov morphisms are not counter-examples to the classical Jacobian Conjecture which keeps jealously and fiercely its more than 70 years old mystery.
We also deduce from this theorem some corollaries which bring some rays of light through the cloud of unknowing which still surrounds the notion of unramified orétale variety morphism even for the best experts of the subject, as the challenge of this conjecture proves it clearly.
A first mystery of these morphisms partially cleared up by these rays of light is the following. It is not difficult to see that the restriction to any sub-variety Z ⊂ X of an unramified morphism F from a variety X to another one Y is again an unramified morphism from Z to the Zariski closure of F (Z) in Y ( it follows for instance from [5] , Chapter VI, Proposition 3.5). Is the similar transfer from a variety X to any sub-variety Z ⊂ X true for anyétale (i.e. unramified and flat) morphism F from X to Y , atleast when the varieties X, Y, Z are irreducible and non singular and Z is closed in X? According to [4] , Lemma 3.4 and [1], Theorem 3, this question in the special case where X = Z is the complex affine space of dimension n is equivalent to the Classical Jacobian Conjecture in dimension n. Unfortunately, Corollary 1 below brings a negative answer to this question in general when X and Y are assumed only to be irreducible and non singular. But the question remains open in the mentioned special case ! A second mystery of unramified orétale morphisms of variety partially illuminated by Theorem 1 is the following: if A ⊂ B is an extension of affine domains over an algebraically closed field K such that A and B have the same invertible elements, A is factorial, and the canonical map from Spec B to Spec A is unramified, or equivalentlyétale, then among the multitude of primitive elements p ∈ B of the field extension induced by the extension A ⊂ B, can we find a "normal" one, i.e. one p such that the sub-algebra of B generated by p is a normal ring? According to [1] , Theorem 3, this question in the special case where K = C and A = B is the C-algebra of polynomials in n indeterminates is equivalent to the Classical Jacobian Conjecture in dimension n. Unfortunately again, Corollary 2 below brings a negative answer to this question in its generality, leaving it open in the mentioned special case! A last mystery of unramified orétale morphisms partially lightened by Theorem 1 is the following: if A ⊂ B is an extension of factorial affine domains over an algebraically closed field K such that A and B have the same invertible elements and the canonical morphism from Spec B to Spec A is unramified, or equivalentlyétale, is A multiplicatively closed in B, or equivalently is each irreducible element of A also irreducible in B? According to [3] , Theorem 3.11, this question in the special case where K = C and A = B is the C-algebra of polynomials in n indeterminates, is again equivalent to the Classical Jacobian Conjecture in dimension n. Unfortunately again, Corollary 3 brings a negative answer to this last question in its generality, but the mystery remains thick in the interesting special case! In addition to the rays of light that the main theorem of the present paper projects on the mysteries of unramfied orétale morphisms of algebraic varieties, for all algebraic geometers who seriously want to continue and deepen the program of "local study of schemes and schemes morphisms", which is the achievement of Algebraic Geometry according to the structure of the height volumes of the "Bible of Algebraic Geometry" represented by the Treatise "Eléments de Géométrie Algébrique" of A. Grothendieck and J. Dieudonné, this main theorem is very useful to irrevocably refute false published explicit or implicit proofs of the Jacobian Conjecture.
A first example of such refutation is the one of the surprising proposition 18.3.1 of A. Grothendieck and J. Dieudonné themselves in the last volume [10] of the "Bible of Algebraic Geometry", where they claim in particular that any unramified morphism of affine varieties is finite. Since any such a morphism from an affine variety to another normal one of the same dimension isétale, hence a covering, so this claim is in fact an implicit proof of the Jacobian Conjecture, according to the simple connectedness of complex affine spaces. On the other hand, according to the same connectedness and to the unramifiedness of each Kulikov morphism, Theorem 1 below is an irrevocable refutation of this surprising claim, even for an unramified morphism from a complex affine variety to a complex affine space. Another refutation of this claim, even for an unramified morphism from a complex affine curve to the complex affine line, is the corollary 5.2 of the paper [25] of Frans Oort. A third refutation of this claim, now for an unramified endomorphism of the affine plane over an algebraically closed field of positive characteristic, is the counter-example of P. Nousiainen to a conjecture of S. Wang indicated in the remark following Theorem 2.2 of [7] .
A second example of a refutation by Theorem 1 below of a false published proof of the Jacobian Conjecture is the case of Therem 4 of the paper [28] of Hamet Seydi, a former thesis student of A. Grothendieck and the only mathematician, excepted Jean Dieudonné in [8] , to have published a paper, not a book, with A. Grothendieck in [15] . Indeed, this Theorem 4 claims that anyétale and surjective morphism between simply connected complex algebraic varieties is an isomorphism. On the other hand, it is easy to see that the complement of the image of an open morphism from an affine algebraic variety with only constant invertible regular functions to a affine factorial algebraic variety has a codimension greater than 1. So, if in addition this second variety is complex, non singular and simply connected, then this image also is simply connected. So, it follows from this Theorem 4 that any unramified endomorphism of a complex affine space is an open embedding. Since all the irreducible components of the complement of a dense affine subset of any variety have a codimension equal to 1 (see for instance [10] , cor. 21.12.11), it follows from this Theorem 4, thanks to the two previous remarks on the complements of open subsets that any unramified endomorphism of a complex affine space is an automorphism. On the other hand, it also follows from this Theorem 4 and Theorem 1 below, thanks to the same remarks, that any Kulikov morphism is an isomorphism. However, this Theorem 4 is not the only false one of the paper [28] . Its Theorem 6 also is refuted by the counter-example of the normalization morphism of a cusp, while the proof of its Theorem 1, claiming the truth of the Jacobian Conjecture in any dimension, is invalided by an unproved claim on the finiteness of the considered endomorphism of a complex affine space, based on an unproved and false theorem I.21, p. 68 of G. Fisher in [12] , for which we have a counter-example.
The attempt of rectification of the proof of Theorem 1 of [28] by its author in the introduction of his second paper [29] on the subject is so refutable as his first attempt, because of a false application of a theorem 10.4.11 of A. Grothendieck and J. Dieudonné in [9] claiming in particular that any injective endomorphism of an algebraic variety over an algebraically closed field is surjective, and because of the application of a false "Fundamental Lemma" of [29] refuted by the cited counter-example of Nousiainen to Wang conjecture. The generalization of this "Fundamental Lemma" by "Lemma I.1" of [29] also is refuted both by Theorem 1 below and the cited Oort surjective unramified morphisms from a complex algebraic curve with only constant invertible regular functions to the complex line. These cited last counter-examples are sufficient to refute almost all claims of the prolific second paper [29] of Seydi.
An N-th example of refutation by Theorem 1 below of false published or pre-published proofs of the Jacobian Conjecture is the main theorem 2.1 of the paper [23] [24] of Susumu Oda on the subject, first published on arXiv in 2007 before reaching its 49-th version in 2011, only added the assumption of factoriality to the first algebraic variety of the main theorem of [23] . So this second main of Oda is so irrevocably refuted by Theorem 1 below as this first one, and not by Oort cited theorem.
Before entering the subject, I would like to express my deep gratitude to Professors Arno van den Essen, Hyman Bass, Victor Kulikov, V. Srinivas, Hans-Peter Kraft, and Harm Derksen for the fruitful conversations that I had with them about Bass Generalized Jacobian Conjecture and Kulikov's construction. I would also like to thank all the participants of the convivial "Rencontre parisienne autour de la Conjecture Jacobienne" held at the University of Paris 6 on February 3, 1996, and during which the present solution has been exposed. So, in spite of the relative oldness of the unpublished results presented in this solution, they are more actual and useful than ever as "massive destruction arms" again false claims concerning unramified morphisms of algebraic varieties.
Kulikov surfaces and morphisms
Let P = (1 : 1 : 1) ∈ P 2 = P 2 (C), (X 1 , X 2 , X 3 ) a system of indeterminates over C, Q i = 3X 2 i −X 1 X 2 − X 1 X 3 − X 2 X 3 for 1 ≤ i ≤ 3, three quadratic forms defining three conics passing through P , φ the morphism from P 2 − {P } to P 2 whose homogeneous components are defined by the three previous forms,R the Zariski closure in P 2 of the set of ramification points of φ, which is the cubic with a node at P defined by the form i =j X 2 i X j − 6X 1 X 2 X 3 , Q the generic linear combination with complex coefficients of the three previous forms, C the conic of P 2 defined by Q, passing by P and meeting transversely the cubic R at each point of their intersection, and such that the image by φ of the complement of C in P 2 is contained in the complement in P 2 of a line L of P 2 , σ :P 2 → P 2 the blowing-up the point P of P 2 , E the exceptional curve ofP 2 , i.e. σ −1 (P ),R the strict transform of R by φ, i.e. the irreducible curve ofP 2 such that σ −1 (R) = E ∪R,C the strict transform of C by σ, i.e. the irreducible curve ofP 2 such that σ −1 (C) = E ∪C, and S the complement ofR ∪C inP 2 .
V. Kulikov proved in [18] that S is a rational and simply connected complex surface and that φ • σ induces an unramified morphism F S of geometric degree 3 from S to C 2 ∼ = P 2 − L.
We call such a S a "Kulikov surface" and such a F S "the Kulikov morphism on S". Let us recall that the surface constructed by C.P. Ramanujam in [26] and known now as "Ramanujam surface" is the complement, in the inverse image of P 2 by the blowing up of one of its points P , of the strict transforms by this blowing up of an irreducible cubic of P 2 with a cusp distinct from P and of an irreducible conic of P 2 cutting transversely the cubic at P and meeting again the cubic at an unique other point with the multiplicity 5. Ramanujam proved in [26] that his obviously non singular and rational surface is contractible, hence affine with only constant invertible regular functions (thanks for instance to [F], Corollary 2.5), factorial (thanks for instance to [13] , Theorem 1) and simply connected, but not simply connected at infinity, hence not isomorphic to C 2 (see [30] for more about this kind of surface).
We shall see in the following Theorem 1 that Kulikov surfaces share all the mentioned properties of Ramanujam surfaces with the eventual exception of the contractibility, thanks to the following Theorems 2 and 3.
The surfaces S(C 1 , C 2 , P) and their determinants Let K be an algebraically closed field, P 2 = P 2 (K), C 1 and C 2 two irreducible K-algebraic curves of respective degrees d 1 and d 2 , P a point of one of them, m 1 and m 2 the respective mutiplicities of C 1 and C 2 at P , and M the matrix with lines (d 1 , m 1 ) and (d 2 , m 2 ), σ :P 2 → P 2 the blowing-up of the point P of P 2 , E the exceptional curve ofP 2 , i.e. σ −1 (P ),C 1 the strict transform of C 1 by φ, i.e. the irreducible curve ofP 2 such that σ −1 (C 1 ) = E ∪C 1 , andC 2 the strict transform of C 2 by σ, i.e. the irreducible curve ofP 2 such that σ −1 (C 2 ) = E ∪C 2 .
We denote by S(C 1 , C 2 , P ) the complement ofC 1 ∪C 2 inP 2 and we call it "the surface deduced from C 1 and C 2 by blowing up at P ".
We denote by det(C 1 , C 2 , P ) the determinant of the matrix M and we call it "the determinant of the surface S(C 1 , C 2 , P )".
Theorem 1
Any Kulikov surface is affine, non singular, rational, factorial, simply connected, but its fundamental group at infinity is infinite, and all its invertible regular functions are constant.
Hence, any Kulikov morphism gives a counter-example to Bass Generalised Jacobian Conjecture in any dimension greater than one, whereas this conjecture is true in dimension one.
Proof
Let S be a Kulikov surface and F S the Kulikov morphism on S. It follows from [18] and the following theorems that S is affine, non singular, rational, factorial, simply connected and that all its invertible regular functions are constant.
Let us now assume that S isomorphic C 2 , and let G be an isomorphism from C 2 to S. So, F S • G is an unramified endomorphism of geometric degree 3 of C 2 , contrary to [22] , Theorem 1.1. We deduce that S is not isomorphic to C 2 . According to previous remarks and Theorem 2 bellow, the fundamental group at infinity of S is infinite.
So, it is clear that F S gives a counter-example to Bass Generalized Jacobian Conjecture for any dimension greater than one.
Finally, let us consider a morphism F : C → C satisfying the assumptions of Bass Conjecture. According Nagata's refined version of Lüroth Theorem (see for instance [21] , Theorem 4.12.2, p. 137), C is rational. On the other hand, according to the unramifiedness of F and the non singularity of C, C is non singular (see for instance [6] , Proposition 1.2 or more generally [27] , Exposé I, Corollaire 9.11). So, C is isomorphic to an open sub-variety of C (see for instance [16] , Chapter 1, Excercice 6.1, p. 46). All invertible regular functions on C being constant, it follows that this sub-variety of C is C itself, and hence that F is an isomorphism, Q.E.D.
Theorem 2
Let C 1 , C 2 be irreducible algebraic curves of the projective plane over an algebraically closed field K and P a point of C 1 ∪ C 2 .
(i) S(C 1 , C 2 , P ) is a rational and non singular algebraic surface.
(ii) S(C 1 , C 2 , P ) is not affine if and only if each of C 1 and C 2 is a line (i.e. a curve of degree one) passing through P .
(iii) S(C 1 , C 2 , P ) is factorial if and only it is affine and | det(C 1 , C 2 , P )| = 1.
(iv) If K = C, then S(C 1 , C 2 , P ) is isomorphic to C 2 if and only if it is factorial, simply connected, and its fundamental group at infinity is finite.
Proof
1) Let us keep the notations of the definition of S(C 1 , C 2 , P ).
2) The statement (i) follows from the construction of S(C 1 , C 2 , P ).
3) Let us first remark thatP 2 being a ruled surface with invariant e = 1 (see for instance [16] , Chapter V, example 2.11.5), any one of its irreducible curves distinct from its exceptional curve E has a non-negative self-intersection number (it follows for instance from [16] , Chapter V, Propositions 2.20 and 2.21).
3) Now, let L be a line in P 2 not passing by P andL its strict transform, i.e. inverse image by σ. For any divisor D of an irreducible normal algebraic variety X, we denote by < D > its canonical image in the Picard group P ic X, and by σ * the canonical map from P ic P 2 to P icP 2 induced by σ.
4)<L >= σ * (< L >) being a generator the group σ * (P ic P 2 ) and P icP 2 being the direct sum of σ * (P ic P 2 ) and Z < E > ⊂ P icP 2 , thanks to the splitness of the exact canonical sequence
we have for any irreducible curveC ofP 2 :
<C >= (degC) <L > −(C.E) < E > (this follows for instance from [16] , Chapter V, Example 1.4.2 and Propositions 3.2 and 3.6).
5) In particular, for 1 ≤ i ≤ 2, sinceC i .E = m i (see for instance [16] , Chapter V, Corollary 3.7), we have:
(see for instance [16] , Chapter V, Example 1.4.2 and Proposition 3.2) 7) So according to 5) and 6), the self-intersection number of the divisor
is not positive if and only if each of C 1 and C 2 is a line passing through P . 8) Similarly, according to 3), 4) and 6), for any irreducible curveC of P 2 distinct from E, with degree d and intersection number m with E,
9) So the statement (ii) follows from 7) and 8) thanks to Nakai-Moishezon criterion of ampleness and Goodman criterion of affineness (see for instance [16] , Chapter V, Theorem 1.10 and [17] , Chapter II, Theorem 4.2).
10) Since the Picard group of the complement of an hypersurface of an irreducible non-singular variety is isomorphic to the residue group of the sub-group of the Picard group of the variety generated by the irreducible components of the hypersurface (it follows for instance from [H], Chapter II, Proposition 6.5 and Corollary 6.16), the statement (iii) follows from (i), (ii), and 5), thanks to the classical characterisation of the factoriality in terms of divisor class group (see for instance [16] , Chapter II, Proposition 6.2).
11) Finally, the statement (iv) follows from the characterisation of the affine space over any algebraically closed field of characteristic 0 by the logarithmic Kodaira dimension (see for instance [20] , Chapter I, Section 4, Theorem), thanks to the following Theorem 3 and the remark following the Theorem 1 of [14] .
Theorem 3
Any invertible regular function on an irreducible normal simply connected variety over an algebraically closed field is constant if the characteristic of this field is 0 or if its divisor class group is trivial. 
5) Let I be the ideal of the sheaf of regular functions on
defined by I, and φ the canonical map from W to V . 6) So according to the choice of n and f , W is an irreducible variety with the same dimension as V and φ is unramified, henceétale thanks to the normality of V (see for instance [27] , Exposé I, Corollary 9.11). So thanks to the obvious finiteness of φ, this one is anétale covering from the irreducible variety W to the irreducible simply connected variety V , which means that φ is an isomorphism. 7) Nevertheless, according to the definition of W , f has a n-root in K[V ] * , contrary to the choice of f . 8) So according to the absurdity of 2), we have the desired conclusion, Q.E.D.
Corollary 1
If S is a Kulikov surface, p a regular function on S which is a primitive element of the field extension induced by Kulikov morphism F S on S, S the variety C × S, F S the morphism from S to C 3 such that F S (x 0 , x) = (x 0 + p(x), F S (x)) for any (x 0 , x) ∈ C × S, then F S is anétale morphism which induces a noń etale morphism F S from {0} × S to the Zariski closure Z in C 3 of the image of F S .
Proof
1) Let us denote by C[V ] the ring of regular functions on the complex variety V , φ S (resp. φ S ; resp. φ S ) the ring morphism induced by F S (resp. F S ; resp. F S ), A the image of φ S , B the ring of regular functions on S, and X 0 an indeterminate over C.
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Corollary 2
If S is a Kulikov surface, φ S the ring morphism induced by Kulikov morphism on S, A the image of φ S , B the ring of regular functions on S, and p any element of B which is a primitive element of the field extension induced by φ S , then A[p], the A-sub-algebra of B generated by p, is not normal (i.e. integrally closed), hence not unramified over A.
Proof
It follows from theorem 1 and [1], Theorem 3.2, Q.E.D.
Corollary 3
With the same notations as in Corollary 2, the factorial sub-ring A of the factorial C-affine domain B is not multiplicatively closed in B, or equivalently there exists a prime element of A which is not prime in B.
Proof
It follows from Theorem 1 and [3], Theorem 3.11, Q.E.D.
